Abstract. A normed space E is an inner product space if and only if for every 2-dimensional subspace V and every segment / c V, the corresponding metric projections satisfy the commutative property P¡PV = PyP¡.
For a subset A of a normed linear space E, we denote by PA the metric projection on A, i.e. the set-valued mapping which corresponds to each x E E the (possibly empty) set of its best approximations in A; PAx = {y E A; \\x -y\\ = d(x, A)}. A is called proximinal if PAx is nonempty for every x E E. If F is a Hilbert space and A is a closed subspace of E, then PA is just the (single-valued) orthogonal projection onto A.
There are several known characterizations of inner product spaces which can be stated in terms of the metric projections. See e.g. [3] , [5] , [8] , and [9] . We shall consider three other such conditions below. For all of these three characterizing conditions, the necessity part is immediate. The weakest condition (hence strongest characterization) is due to Lorch [7] (cf. also Day [ 
1, p. 152]):
(L) // ||x|| = ||>>|| = 1 and A = {ßx + y/ß; ß ¥= 0 real), then x + y E PA0.
The next condition, due to Gurari and Sozonov [4] , is:
(GS) // ||x|| = ||>>|| = 1 and A is the segment [x, y] = (ax + (1 -a)y; 0 < a < 1}, then (x + y)/2 E PA0. The third condition (under the assumption dim E > 3) is due to Joichi [6] : (J) // V is a 2-dimensional subspace of E, u E E with 0 E Pvu and A = S0 is the "unit circle" in V; S0 = {v E V; \\v\\ = 1}, then PAu = A.
We first give an easy proof that (J) => (GS) => (L), and hence this yields an alternate approach to the more involved sufficiency proofs as given in [4] and [6] . The characterization we add here is by a commutativity property of the metric projection.
Theorem. The following are equivalent for a normed space E with dim E > 3: (3) is trivial.
(3)=>(1). Since a normed space E is an inner product space iff each 2-dimensional subspace is, we may assume dim E = 3.
We show first that E is strictly convex. If not, we can find a 2-dimensional subspace V and x G E such that Pvx is not a singleton. We may assume also that 0 is a boundary point of Pvx in V. Let K be the cone [XPvx: X > 0}. K is contained in a halfspace, therefore K ^ V and we can find v E V, \\v\\ = 1, with 0 < d(v, K) < \ and X > 0,y E Pvx with ||Xy -v\\<\. Let A = [0, v]. Since v $ K, A n Pvx = {0} and PAx = 0. On the other hand, if 0 e PAy, then \\y\\ < \\y -yv\\ for all y E [0, 1], hence for all y > 0. It follows that ||Ay|| < \\Xy -Xyv\\ for all y > 0. In particular, ll\HI < W'Sy ~ v\\ < 2 wnile ||At>|| > ||u|| -||Ay -v\\ > \, a contradiction.
Thus E is strictly convex.
We shall show that for every 2-dimensional subspace V of E and x E E with Pyx = 0, the nonempty intersections of "spheres" around x with V are multiples of the unit circle in V, i.e. if y0 E V is arbitrary, then Sx = [v G V: \\x -v\\ = ||x ->>o||} coincides with ||>>0||S0 = [v E V: \\v\\ = \\yQ\\). By (J), this guarantees that E is an inner product space.
The idea of the proof is to show that S, is a curve "parallel" to 50, i.e. that every line supporting one of them is parallel to a line supporting the other at the corresponding point. If not, we can find a line segment [y, z], y E Sx, such that (y, z] is contained in one of the domains bounded by Sx and ||.y||S0 and disjoint to the other, so that y is exactly one of the points P[y zXx or P[y,2]0-It is very natural to conclude from this that 5, and S0 are proportional, but the formal proof we have uses differentiability properties of convex functionals.
Let p, be the Minkowski functional in V of the convex hull of 5" i.e. pQ(v) = \\v\\, px(v) = 1 if v E Sx, and p, is positively homogeneous. Since E is strictly convex, p, is well defined. (which represents the ratio between the radially corresponding points on S0 and 5, in the one-sided neighborhood of the y-direction determined by w) satisfies f+(0)= lim V ' =0.
